Abstract. In this note we prove that, for a vector bundle E over a manifold M , a Dorfman bracket on T M ⊕ E * anchored by pr T M and with E a vector bundle over M , is equivalent to a lift from Γ(T M ⊕ E * ) to linear sections of T E ⊕ T * E → E, that intertwines the given Dorfman bracket with the Courant-Dorfman bracket on sections of T E ⊕ T * E.
Introduction
Theodore Courant and his adviser Alan Weinstein defined 1 the Courant bracket in 1990 [8, 7] : an R-bilinear, skew-symmetric bracket on sections of T M ⊕T * M that satisfies the Jacobi identity up to an exact one-form. Irene Dorfman independently introduced that structure in her definition and study of Dirac structures in the context of infinite dimensional Hamiltonian structures [9] . Then Liu, Weinstein and Xu discovered in the late nineties that this bracket on sections of T M ⊕ T * M is in fact a particular, "standard" example of a Courant algebroid, when they defined the later notion and proved that the bicrossproduct of any Lie bialgebroid can be understood as a special type of Courant algebroid [21] .
Nowadays, for a smooth manifold M , the standard Courant algebroid structure on T M ⊕ T * M is often defined using the Courant-Dorfman bracket on T M ⊕ T * M : an R-bilinear bracket on sections of T M ⊕ T * M , that is not skew-symmetric but satisfies a Jacobi identity written in Leibniz form (see [25, 26] ). The two brackets are equivalent in the sense that the Courant bracket is the skew-symmetrisation of the Courant-Dorfman bracket.
In the context of Courant algebroids and Dirac structures, the Courant-Dorfman bracket plays an important role in the generalised geometry developped first by Nigel Hitchin, Marco Gualtieri (see [12, 11] ). It also enters the theoretical physics literature in this context: T M ⊕ T * M -generalised geometry turns out to provide a convenient description for the low-energy effective theory of closed string theory referred to as double field theory (see for instance [14, 13] ).
Subsequently, the low-energy effective theories of the conjectured M-theory were linked to Dorfman brackets on vector bundles of the form T M ⊕ ∧ k1 T * M ⊕ · · · ⊕ ∧ k l T * M (see [15] ). In all of these applications, Dorfman brackets encode infinitesimal gauge transformations of the physical theory. Gauge transformations or gauge invariances are redundancies in the mathematical description of the theory (not to be confused with physical symmetries) -the physical results are invariant under the application of such transformations. For example, general relativity, a theory of four-dimensional smooth manifolds with Lorentzian metrics, is invariant under diffeomorphisms. The Lie algebra of the diffeomorphism group on a smooth manifold is given by the Lie derivatives £ X for X ∈ X(M ), so the Lie bracket (the simplest example of a Dorfman bracket) gives the infinitesimal gauge transformations of general relativity. Similarly, the theory described by the T M ⊕ T * M -generalised geometry, which is a theory of a metric and a 2-form on a smooth manifold M , is invariant under the semi-direct product of the diffeomorphism group with the (additive) group of closed two-forms Diff(M ) ⋉ Ω Let M be a smooth manifold. We denote by X(M ) and Ω 1 (M ) the sheaves of smooth sections of the tangent and the cotangent bundle, respectively. For an arbitrary vector bundle E → M , the sheaf of sections of E is written Γ(E).
for all (X, θ), (Y, η) ∈ Γ(T M ⊕ T * M ), yield the standard example of a Courant algebroid, which is often called the standard Courant algebroid over M . The map D :
is given by Df = (0, df ). We are here particularly interested in the standard Courant algebroid over the total space of a vector bundle.
Next we define dull algebroids and Leibniz algebroids.
Definition 2.2.
(1) [16] A dull algebroid is an anchored vector bundle (Q → M, ρ) endowed with a bracket · , · on Γ(Q) satisfying ρ q 1 , q 2 = [ρ(q 1 ), ρ(q 2 )], and the Leibniz identity in both terms f 1 q 1 , f 2 q 2 = f 1 f 2 q 1 , q 2 + f 1 ρ(q 1 )(f 2 )q 2 − f 2 ρ(q 2 )(f 1 )q 1 for all f 1 , f 2 ∈ C ∞ (M ), q 1 , q 2 ∈ Γ(Q).
(2) [1] A Leibniz algebroid is an anchored vector bundle (Q → M, ρ) endowed with a bracket · , · on Γ(Q) with q 1 , f q 2 = f q 1 , q 2 + ρ(q 1 )(f )q 2 ∀f ∈ C ∞ (M ), q 1 , q 2 ∈ Γ(Q), and satisfying the Jacobi identity in Leibniz form q 1 , q 2 , q 3 = q 1 , q 2 , q 3 + q 2 , q 1 , q 3 for all q 1 , q 2 , q 3 ∈ Γ(Q). (3) A Leibniz algebroid E ′ is transitive if the anchor ρ : E ′ → T M is surjective [1] . Then the Leibniz algebroid can be written E ′ = T M ⊕ E * with ρ = pr T M and E → M a vector bundle. We call its bracket ·, · a Dorfman bracket 2 . (4) A transitive Leibniz algebroid is split if there is a section σ : T M → E ′ of the anchor map such that σ(X(M )) is closed under the Leibniz bracket [1] .
First note that the definition of the Leibniz algebroid implies [1] ρ q 1 , q 2 = [ρ(q 1 ), ρ(q 2 )] for all q 1 , q 2 ∈ Γ(Q).
Any split transitive Leibniz algebroid E
′ forms a split short exact sequence of vector bundles:
Thus, if we use σ to define the isomorphism E ′ → T M ⊕ E * , we obtain a Dorfman bracket with the property
Correspondingly, we call a Dorfman bracket split precisely if it has this property.
Consider a dull algebroid (Q, ρ, · , · ). Then the bracket can be dualised to a map
for all q, q ′ ∈ Γ(Q) and τ ∈ Γ(Q * ). The map ∆ is then a Dorfman (Q-)connection on Q * [16] , i.e. an R-bilinear map with
2 Occasionally the term "Dorfman bracket" is used for the bracket of arbitrary Leibniz algebroids in the literature, but in this paper it will exclusively refer to the case where the anchor is surjective and the underlying vector bundle is split.
defined by ρ(q) q ′ , τ = q ′ , D q τ + q, q ′ , τ for all q, q ′ ∈ Γ(Q) and τ ∈ Γ(Q * ). The Jacobi identity in Leibniz form for · , · is equivalent to
for all q 1 , q 2 ∈ Γ(Q). D allows the extension of the Dorfman bracket to all tensor bundles of Q via the Leibniz rule. In the theoretical physics applications, this operation is called the generalised Lie derivative due to its Lie algebra property.
Example 2.3. The bracket of a Courant algebroid E is a Dorfman bracket. Using the nondegenerate pairing to identify E with its dual, we find that D is in this case the "adjoint action": D e = e, · for e ∈ Γ(E). 
For simplicity of notation, consider the special case T M ⊕ ∧ k T * M for the rest of this example -the more general case works in the same way.
Example 2.5.
[1] extensively discusses a generalisation of example 2.4, so-called closed-form Leibniz algebroids. All commonly studied examples of Dorfman brackets belong to this class of Leibniz algebroids. In addition to the terms in (6), closed form algebroids can for example contain terms that mix different degrees of differential forms:
Terms of this type correspond to terms of the following form in D:
and therefore
where ¬ denotes contraction over the first (in this case) (k + 1) indices.
Example 2.6. A more complex example of closed-form algebroid underlies the so-called E 7 -exceptional generalised geometry (see [1, 15] ). The vector bundle
carries a natural E 7 × R * -structure and the Dorfman bracket (see [1] )
where (dα ⋄ β)(X) = (i X dα) ∧ β for all X ∈ X(M ). The dual map D is then given as follows:
Remark 2.7. Note that all examples for Dorfman brackets in this paper are local, i.e. their brackets are given in terms of differential operators in both components. There are non-local Leibniz algebroids, for an example see Appendix C.
Linear sections of
In this section, we recall some background notions on double vector bundles. Then we describe the double vector bundle structures on T E, on T * E and on T E ⊕ T * E, for a vector bundle E → M . In the last part of this section, we characterise arbitrary linear sections of T E ⊕ T * E → E via a certain class of derivations.
3.1. Double vector bundles and linear splittings. We briefly recall the definitions of double vector bundles and of their linear and core sections. We refer to [24, 22, 10] for more detailed treatments. A double vector bundle is a commutative square
of vector bundles such that . We call ψ a core-linear section.
3.2.
The tangent double and the cotangent double of a vector bundle. Let q E : E → M be a vector bundle. Then the tangent bundle T E has two vector bundle structures; one as the tangent bundle of the manifold E, and the second as a vector bundle over T M . The structure maps of T E → T M are the derivatives of the structure maps of E → M .
The space T E is a double vector bundle with core bundle E → M . The map¯:
Hence the core vector field corresponding to e ∈ Γ(E) is the vertical lift e ↑ : E → T E, i.e. the vector field with flow φ
is called a linear vector field. It is well-known (see e.g. [22] ) that a linear vector field ξ ∈ X l (E) covering X ∈ X(M ) corresponds to a derivation D : Γ(E) → Γ(E) over X ∈ X(M ). The precise correspondence is given by
for e m ∈ E and any e ∈ Γ(E) such that e(m) = e m .
Dualizing T E over E, we get the double vector bundle
with side projection Φ E = (q E ) * ⊕ r E and core E ⊕ T * M . In the following, for any section (e, θ) of E ⊕ T * M , the vertical section (e, θ)
• ) is the pair defined by (13) (e, θ)
for all e ′ m ∈ E. Note that by construction the vertical sections (e, θ) ↑ are core sections of T E ⊕ T * E as a vector bundle over E.
The standard Courant algebroid structure over E is linear and
is a VB-Courant algebroid ( [20] , see also [17] ) with base E and side T M ⊕E * → M , and with core E ⊕ T * M → M . The anchor Θ = pr T E : T E ⊕ T * E → T E restricts to the map ∂ E = pr E : E ⊕ T * M → E on the cores, and defines an anchor ρ T M⊕E * = pr T M : T M ⊕ E * → T M on the side. In other words, the anchor of (e, θ)
↑ is e ↑ ∈ X c (E) and if χ is a linear
3.3.
The first jet bundle of a vector bundle. For convenience of the exposition in the next section and later on in the paper, we recall here some basic facts about the first jet bundle of a vector bundle, and we set some notations.
The first jet bundle
It has a projection to pr E :
→ e m and a projection to pr :
This second projection is the projection of a vector bundle structure over M ; for
where + T M is the addition in the tangent prolongation T E → T M of the vector
Two elements η m ∈ Hom(T m M, T em E) and µ m ∈ Hom(T m M, T em E) differ by such an element φ m ∈ Hom(T m M, E m ) and we have a short exact sequence
of vector bundles over M . The corresponding sequence
is canonically split by the map
In particular, given m ∈ M and two sections e, e ′ ∈ Γ(E) with e(m) = e ′ (m), we find (
. In other words, there is a canonical isomorphism
Furthermore, we have j 1 (e 1 + e 2 ) = j 1 e 1 + j 1 e 2 and J 1 (f e) = f j 1 e + ι(df ⊗ e) for all e, e 1 , e 2 ∈ Γ(E) and f ∈ C ∞ (M ).
Note finally that every element µ ∈ J 1 m (E) can be written µ = (j 1 e) m with a local section e ∈ Γ(E). Furthermore, two local sections e, e ′ ∈ Γ(E) define the same element (
′ for all v m ∈ T m M and all ǫ ∈ Γ(E * ), and so to
3.4. The E * -valued Courant algebroid structure on the fat bundle E.
is a locally free and finitely generated C ∞ (M )-module (this follows from the existence of local splittings). Hence, there is a vector bundle
, where Der(E * ) is the bundle of derivations on E * , and J 1 (E * ) the first jet bundle.
First recall that (11) defines a bijection between the linear vector fields X l (E) and Γ(Der(E * )). It is easy to see from (11) that this bijection is a morphism of C ∞ (M )-modules. Hence, the fat bundle defined by
where the second map sends φ ∈ Γ(Hom(E, T * M )) to the core-linear section φ ∈ Γ l E (T * E), φ(e) = (T e q E ) * φ(e) for all e ∈ E, and the third map sends θ ∈ Γ l E (T * E) to its base section r E θ in Γ(E * ). We define
)-linear and we get the following commutative diagram of morphisms of
with short exact sequences in the top and bottom rows. Since the left and right vertical arrows are isomorphisms, Ψ is an isomorphism by the five lemma. Since Ψ is an isomorphism of C ∞ (M )-modules, we obtain a vector bundle isomorphism
Finally we obtain a vector bundle isomorphism
Recall that for a linear section
The map χ → ν induces a short exact sequence of vector bundles
Note that the restriction of the pairing on T E ⊕ T * E to linear sections of T E ⊕ T * E defines a nondegenerate pairing on E with values in E * . Since the Courant bracket of linear sections is again linear, the vector bundle E inherits a Courant algebroid structure with pairing in E * (see [17] ). In particular, the Courant algebroid structure on T E ⊕ T * E defines a Leibniz bracket on sections of Der(E * ) ⊕ J 1 (E * ) and a pairing with values in E * on
This is called an Omni-Lie algebroid in [5] , see also [6] . The symmetric bilinear nondegenerate pairing with values in
for D a derivation with symbol X ∈ X(M ). Here, the second term is the evaluation at m ∈ M of the linear function ℓ Dǫ+φ * X , when identified with Dǫ + φ * X ∈ Γ(E * ). Hence, the corresponding symmetric bilinear nondegenerate pairing with values in
3.5. Linear sections of T E⊕T * E → E. In this section we build on the techniques summarised in Section 3.2 and we prove original results on linear sections of T E ⊕ T * E → E. Those results will be the basis of our main theorem in Section 4. We consider a linear section χ ∈ Γ l E (T E ⊕T * E) over a pair (X, ε) ∈ Γ(T M ⊕E * ). Given a section e ∈ Γ(E), the difference χ(e(m)) − (T m eX(m), d e(m) ℓ ε ) projects to e(m) in E and to 0 m ∈ T M ⊕ E * and we can define a section D χ (e, 0) :
for all m ∈ M . By construction and the scalar multiplication in the fibers of T E ⊕ T * E → T M ⊕ E * , we get D χ (re, 0) = rD χ (e, 0) for a real number r ∈ R, and
and
Hence, we find that
(16) and Theorem 3.3 below shows that D χ is a smooth derivation. We have found the following result:
with symbol X ∈ X(M ) and which satisfies
for all e ∈ Γ(E) and θ ∈ Ω 1 (M ).
Conversely, given a pair (X, ε) ∈ Γ(T M ⊕E * ) and a smooth derivation
, we write χ ε,D for the linear section defined by
for all e ∈ Γ(E). Note that (1) in the last theorem shows that for each
is a derivation of E with symbol X and the vector bundle morphism is
With the results in Section 3.4, we can phrase this correspondence in terms of the bundle isomorphism
We can use these results on linear sections to prove the following:
We prove the first identity in Appendix A. The second and third identities follow immediately from (3.5).
We now state our first main theorem. 
The Theorem is again proved in Appendix A and gives us an expression for the induced E * -valued Courant bracket on Der(E * ) ⊕ J 1 (E * ):
where the Der(E * )-Lie derivative on J 1 (E * ) is defined in equation (19) of [5] :
where d is a derivation of E * with symbol X ∈ X(M ) and
. Thus, our theorem proves that the E * -valued Courant algebroid structure on Der(
Proof. With the correspondence between Γ( E) and Γ(Der(E
By the considerations in Section 3.4, we have further d 2 , µ 1 = d 2 ε 1 + φ 1 (X 2 ). We get using the isomorphisms Γ(
Note that the derivation D χ defines as follows a derivation of Hom(E, E ⊕T * M ): (D χ ϕ)(e) = D χ (ϕ(e)) − ϕ(d χ (e)) for all e ∈ Γ(E).
Corollary 3.6. In the situation of the preceding theorem, the Courant-Dorfman bracket satisfies χ, ϕ = D χ ϕ for ϕ ∈ Γ(Hom(E, E ⊕ T * M )).
Proof. The section ϕ ∈ Γ(E * ⊗ (E ⊕ T * M )) can be written as ϕ = (φ 1 , φ * 2 ), with φ 1 ∈ Γ(E * ⊗ E) and φ 2 ∈ Γ(Hom(T M, E * )). Furthermore, φ defines a section of Der(E * ) ⊕ J 1 (E * ): φ * 1 is a derivation of E * with symbol 0 ∈ X(M ) and φ 2 ≃ ιφ 2 is a section of J 1 E * . Therefore φ is simply the corresponding core-linear section under the correspondence outlined above. Choose χ = (d, µ) with d a derivation of E * over X ∈ X(M ) and µ = j 1 ε + ιψ ∈ Γ(J 1 E * ). Then the results above yield
on the other side of the double vector bundles [2] . According to Proposition 1 in [2] , a linear k-form H ∈ Ω k (E) can be written
where ω, e ∈ Ω k (M ) is the obtained k-form on M . Note that in the equation for H, we have µ = (−1)
k−1 h.
Example 3.7. For instance, we have seen in §3.2 that for ε ∈ Γ(E * ), the 1-form dℓ ε ∈ Ω 1 (E) is linear. Since it projects to ε ∈ Γ(E * ), we know that any linear 1-form on E can be written
Proposition 3.8. Consider a linear k-form H = dΛ µ +Λ ω , with µ ∈ Ω k−1 (M, E * ) and ω ∈ Ω k (M, E * ). Then H is closed, dH = 0, if and only if ω = 0.
Proof. H is closed if and only if Λ ω is closed. It is enough to evaluate dΛ ω on linear and core vector fields on E. Take k linear vector fields D i ∈ X l (E) over X i ∈ X(M ), i = 1, . . . , k, and one vertical vector field e ↑ ∈ X c (E). Then
Since D i , e ↑ is again a vertical vector field and Λ ω vanishes on vertical vector fields, the first, third and fourth terms of this sum all vanish. The remaining term is
. . , X k ), e . This is 0 for all X 1 , . . . , X k ∈ X(M ) and e ∈ Γ(E) if and only if ω = 0.
In what follows, we will consider closed linear 3-forms H = dΛ µ with µ ∈ Ω 2 (M, E * ) the base map of H ♯ . Let us compute the inner product of such a 3-form with two linear vector fields on E.
Recall that any linear vector field can be written D ∈ X l (E) with a derivation D : Γ(E) → Γ(E) over X ∈ X(M ). The derivation D induces a derivation
for all ω ∈ Ω 1 (M, E * ) and Y ∈ X(M ). In particular, given a Dorfman bracket on sections of T M ⊕ E * , the linear vector field pr T E Ξ(ν) equals δ ν , where ν is a section of T M ⊕ E * and δ ν is the derivation over pr T M ν. We write δ ν for the induced derivation of Ω 1 (M, E * ).
E) be linear vector fields over X 1 , X 2 , X ∈ X(M ) and let e be a section of E. Then
We have for e ∈ Γ(E): X 2 ), e . This shows that i D2 i D1 dΛ µ = dℓ iX 2 iX 1 µ + φ for a section φ ∈ Γ(E * ⊗ T * M ). We have then
and we find (19) . In order to prove (20), we use the equation
We will use the following lemma.
Lemma 3.10. Choose an element β ∈ Ω 1 (M, E * ) and a linear vector field D ∈ X l (E) over X ∈ X(M ). Then i D dΛ β is a linear 1-form over β(X) ∈ Γ(E * ). More precisely, i D dΛ β = −dℓ β + Dβ.
Proof. We have
E e, β(X) . Therefore i X dΛ β = −dℓ β(X) + φ with a section φ ∈ Γ(Hom(E, T * M )) to be determined. We have
This shows that φ = Dβ.
Dorfman brackets and natural lifts.
Consider now an R-linear lift
sending each section (X, ε) of T M ⊕ E * to a linear section over (X, ε). Then the lift defines an R-linear map
Consider the dual
of D, written in bracket form and defined by
for all (X, ε), ν ∈ Γ(T M ⊕ E * ) and τ ∈ Γ(E ⊕ T * M ). Any bracket defined in this manner is R-bilinear, anchored by pr T M and satisfies a Leibniz identity in its second component. We easily get the following result.
sending each section (X, ε) of T M ⊕E * to a linear section over (X, ε) are equivalent to R-bilinear brackets · , · :
, that are anchored by pr T M and satisfy a Leibniz identity in the second component.
Define further the map δ : Γ(T M ⊕ E * ) → Der(E) by
As we have seen before, the lift Ξ :
for any e ∈ Γ(E) with e(m) = e m , or
In terms of sections of the Omni-Lie algebroid Der(E * ) ⊕ J 1 (E * ), this says that anchored R-bilinear brackets on T M ⊕E * with Leibniz rule in the second component are in one-to-one correspondence with splittings
of the short exact sequence
Note that in either description the map Ξ is a map of sections only, so its image will in general not span a sub-vector bundle of E ∼ = Der(E * ) ⊕ J 1 (E * ). We prove the following theorem, which shows that a chosen lift as above is natural, if and only if the bracket · , · is a Dorfman bracket. 
, where the bracket on the left-hand side is the CourantDorfman bracket.
The proof of this theorem follows from the general results in 3.5 and is given in Appendix B. Note that the proof of this theorem can also be adapted in a straightforward manner from the proof of the main theorem in [16] (see the following remark); the only difference being that D is not C ∞ (M )-linear in its lower entry. The proof in [16] is however independent of this property. 
Remark 4.3. Note that horizontal lifts
were proved in [16] to be equivalent to dull brackets on sections of T M ⊕ E * , or equivalently to Dorfman
be a Dorfman connection and consider the dual dull bracket · , · ∆ . Note that the map
is a linear connection. Choose ν, ν 1 , ν 2 ∈ Γ(T M ⊕ E * ) and τ ∈ Γ(E ⊕ T * M ). [16] proves the following identities
Those results could now be easily deduced from Theorems 3.3 and 3.4, as we deduce our main result Theorem 4.2 from those.
Here, we have the following result, a counterpart for Dorfman brackets of the results described in Remark 4.3. Note that since · , · is anchored by pr T M , the sum ν 1 , ν 2 + ν 2 , ν 1 is a section of E * for all ν 1 , ν 2 ∈ Γ(T M ⊕ E * ).
Proof. Those identities are all given by Theorems 3.3 and 3.4.
4.1.
Links to known results on Omni-Lie algebroids, on Dorfman connections and on the standard VB-Courant algebroid. [5, 6] prove the following result on Lie algebroid structures on subbundles of T M ⊕ E * versus Dirac structures inside the E * -valued Courant-algebroid E := Der(E * ) ⊕ J 1 (E * ). Note that such a Dirac structure is called reducible if its projection to T M ⊕ E * is surjective. → A → 0 For details, see [6] .
This result, our results from Section 4 and the results from [16] as outlined in Remark 4.3, suggest the following relationships between subspaces of Γ( E) ∼ = Γ(E) that are closed under ·, · and project to locally-free subsheaves of Γ(T M ⊕ E * ), and R-bilinear brackets on subbundles of T M ⊕ E * : Let V ⊂ Γ( E) be a subspace that is closed under ·, · and such that V maps to Γ(F ), F a subbundle of T M ⊕ E * . Then, collectively, we have the following results:
. This is just the setting of Proposition 4.1, i.e. such lifts precisely correspond to brackets on T M ⊕ E * that satisfy a Leibniz identity in the second component. Now, if V is additionally a sub-vector bundle of E and Ξ a morphism of vector bundles, we are in the setting of dull brackets and Dorfman connections, as studied in [16] , i.e. the resulting bracket satisfies the Leibniz identity also in its first component. If instead (or additionally) the lift Ξ is natural, i.e. Ξ·, Ξ· = Ξ ·, · , the bracket on T M ⊕ E * satisfies the Dorfman condition (the Jacobi identity in Leibniz form).
If V is such that ν, ν ′ = 0 for all ν, ν ′ ∈ V, the bracket ·, · on T M ⊕ E * is antisymmetric (see Theorem 3.4). 4.1.2. Setting 2: V = Γ(L), L ⊂ E a Dirac structure. This is the case studied by [5, 6] as described above. The parallels to the first setting are obvious: V is closed under ·, · , which is necessary to induce an R-bilinear bracket on its projection to T M ⊕ E * at all, V is isotropic under ·, · , so the resulting bracket is antisymmetric, and V is given by the sections of a vector bundle, i.e. the Leibniz rule in the first component is satisfied. However, in this case there is not necessarily a splitting Ξ : F → L.
Setting 3:
Of course the first two settings are not mutually exclusive: According to our results, Dirac structures L ⊂ E which project surjectively to T M ⊕ E * allow a lift Ξ : T M ⊕ E * → L, which is natural -a projective Lie bracket on T M ⊕ E * is in particular a Dorfman bracket.
Standard examples
We illustrate the result in Theorem 4.2 with the examples of standard Dorfman brackets on T M ⊕ E * , by giving explicitly the lifts.
Lift of the Courant-Dorfman bracket.
We consider here the case where E = T M and the Dorfman bracket on T M ⊕ T * M is the Courant-Dorfman bracket
Using (12), we get Ξ :
where dθ is the one-form on
This choice of sign is for consistency with the notations in the next section for the general case E, e.g. in the proof of (19) . We have indeed dθ,
For the convenience of the reader, let us compute here explicitly the CourantDorfman bracket Ξ(X 1 , θ 1 ), Ξ(X 2 , θ 2 ) of two images of Ξ. The Lie bracket of two linear vector fields 
The second equation is more difficult to see and requires some explanations. Take Y ∈ X(M ). Then
is easily seen to vanish, as d£ X θ, Y ↑ does, we find that
Remark 5.1. There is a canonical isomorphism of double vector bundles
which maps the natural VB-Courant algebroid structure on T (T M ⊕ T * M ), the tangent prolongation of the standard Courant algebroid on T M ⊕ T * M , to the standard VB-Courant algebroid structure on T (T M ) ⊕ T * (T M ). The lift Ξ is then precisely Ξ = Σ • T , where T denotes the tangent prolongation of a section,
A precise description and proof can be found in [18] .
Another lift to T T M ⊕T
To see this, let us compute the Courant-Dorfman bracket of Ξ(X 1 , θ 1 ) with Ξ(X 2 , θ 2 ). We have
By the formulas found in the preceding example, we get
In fact, we call the lifts associated to Dorfman brackets "natural" because they generalise the properties of this lift.
5.3.
More general examples. More generally, according to (21) the lift corresponding to the Dorfman bracket in Example 2.4 has the same form: (24) for all e m ∈ ∧ k T M , where, in the second equality, we have used the definition of the derivation D in (12) . Here in order to be consistent with the next section, as well as the previous example, dα is defined by:
In all examples so far, the lift Ξ :
All the examples discussed so far are split Dorfman brackets. For these, we always have:
Proof. We show that D (X,0) (e, 0) = (δ (X,0) e, 0):
However, for general split Dorfman brackets Ξ E * is a map Γ(E * ) → Γ l e (T E ⊕ T * E). For example the term in (8) gives rise to a term (e¬dα k ) ↑ (e m ) ∈ Γ(T E) in Ξ E * (α k )(e m ). If the Dorfman bracket is not split, mixing can also occur in the T M -part of the lift:
, as illustrated by the following example:
This Dorfman bracket is not split, and we have D
The following section studies in detail such twistings of Dorfman brackets in relation to their lifts.
Twisted Courant-Dorfman bracket over vector bundles.
Here we consider the standard Courant-Dorfman bracket on T E ⊕ T * E over a vector bundle E, twisted by a linear closed 3-form H ∈ Ω 3 (E). That is, we have
Given a form µ ∈ Ω 2 (M, E * ) and a Dorfman bracket · , · on sections of T M ⊕E * , we can define a twisted bracket · ,
This satisfies a Leiniz equality in the second term (as always, with anchor pr T M ) and is compatible with the anchor. We make the following definition.
be a Dorfman bracket and µ ∈ Ω 2 (M, E * ) a form. Then we say that µ twists · , · if · , · µ satisfies the Jacobi identity in Leibniz form, i.e. if · , · µ is a new Dorfman bracket.
In this section we will describe in terms of the lift associated to · , · a necessary and sufficient condition for µ to twist · , · .
cl (M ), i.e. actually antisymmetric in all components and closed.
We define the dual derivation (21) is then just
Recall that it is natural if and only if · , · µ satisfies the Jacobi identity.
Theorem 6.3. With the notations above, we have
Proof. We just compute
In the third equality, we have used Lemma 3.6. We are now ready to prove our main theorem. 
and the corresponding lift Ξ :
In other words, µ twists a Dorfman bracket if and only its natural lift lifts the twisted bracket to the twist by dΛ µ of the Courant-Dorfman bracket.
Note that we also have the following result, which follows from (20) and (25) .
Proposition 6.5. In the situation of the previous theorem, we have 
and also that pr
(26), (27) and (28) yield together Ξ(0, µ(X 1 , X 2 )) = 0, i δν 2 i δν 1 dΛ µ , and so
Example 6.6. Consider E = T M and choose the Courant-Dorfman bracket on T M ⊕ T * M . Recall from §5.1 the corresponding natural lift. Then if
We get then using (19) 
Symmetries of Dorfman brackets
In this section we use the known symmetries of the standard Courant algebroid over E to study a similar class of symmetries for Dorfman brackets on T M ⊕ E * . Consider B ∈ Ω 2 cl (E). We denote by Φ B : T E ⊕ T * E → T E ⊕ T * E the vector bundle morphism over the identity on E that is defined by Φ B (X, θ) = (X, θ + i X B) for all X ∈ X(E) and θ ∈ Ω 1 (E). Then Φ B is a symmetry of the Courant-Dorfman bracket on T E ⊕ T * E [3]:
Φ B (χ 1 ), Φ B (χ 2 ) = Φ B χ 1 , χ 2 for all χ 1 , χ 2 ∈ Γ(T E ⊕ T * E). According to [2] (see Section 6), given a form β ∈ Ω 1 (M, E * ), the closed form B = −dΛ β is linear. In particular, if · , · is a Dorfman bracket on T M ⊕ E * and Ξ : Γ(T M ⊕ E * ) → Γ l E (T E ⊕ T * E) the associated lift, Φ B (Ξ(ν)) = Ξ(ν) + i δν B is a linear section of T E ⊕ T * E over Φ β (ν) = ν + (0, i X β) (see Lemma 3.10) , where Φ β : T M ⊕ E * → T M ⊕ E * is the vector bundle morphism over the identity on M :
Φ β (X, ǫ) = (X, ǫ + i X β).
In this section we aim to understand when this map defines a symmetry of a Dorfman bracket on T M ⊕ E * . We prove the following result. The proof relies on the following lemma. We set B := −dΛ β for β ∈ Ω 1 (M, E * ). Write ν = (X, ǫ) ∈ Γ(T M ⊕E * ). Since Φ B (Ξ(X, ǫ)) = Ξ(X, ǫ)+(0, dℓ β(X) − δ (X,ǫ) β), we find Φ B (Ξ(ν)),φ = ℓ φ * (X,ǫ+β(X))
and so e ↑ Φ B (Ξ(ν)),φ = q * E φ * (X, ǫ + β(X)), e . This vanishes for all e ∈ Γ(E) and all (X, ǫ) ∈ Γ(T M ⊕ E * ) if and only if φ * (X, ǫ + β(X)) = 0 for all (X, ǫ) ∈ Γ(T M ⊕ E * ). In particular, φ * (0, ǫ) must be 0 for all ǫ ∈ Γ(E * ) or, in other words, φ must have image in T * M . Using this, we find φ * (X, 0) = φ * (X, β(X)) for X ∈ X(M ). Since this must vanish for all X ∈ X(M ), we have shown that φ must be 0.
Proof of Theorem 7.1. We define φ (X,ǫ) ∈ Γ(Hom(E, E ⊕ T * M )) by (30) φ (X,ǫ) = Ξ(0, i X β) − (0, i δ (X,ǫ) B) = Ξ(0, i X β) − 0, dℓ β(X) − δ (X,ǫ) β .
We have used Lemma 3.10. Note that this difference is a core-linear section of T E ⊕ T * E because the linear sections Ξ(0, i X β) and 0, dℓ β(X) − δ (X,ǫ) β both project to (0, i X β) in Γ(T M ⊕ E * ).
dℓ iX β (T ↑ ) = q for e ∈ Γ(E). Similarly, using (2) above
for a derivation D of E over Y ∈ X(M 
The proof of the second identity is left to the reader.
and S 1 h η x ∧ η y ∈ Ω 1 (M ), Clearly, the resulting function S 1 f η x +gη y ∈ C ∞ (M ) is constant along the first S 1 , i.e. only a function of q in the notation above. In the same manner, the one-form S 1 h η x ∧ η y is constant along the first S 1 and only has a η y component. That is, the obtained functions and 1-forms are invariant along the fibers of pr 2 . Now we define a bracket onĒ = T * M ⊕ ∧ 2 T * M as follows:
(α 1 , α 2 ), (β 1 , β 2 ) = 0,
and we prove that (Ē = T * M ⊕ ∧ 2 T * M, ·, · , 0 :Ē → T M is a Leibniz algebroid. Since the bracket is clearly C ∞ -linear in the second component and thus satisfies the Leibniz rule for functions with the zero-anchor, it suffices to check the Jacobi identity in Leibniz form. For simplicity, we just write for S 1 , and this is always the integration along the first S Therefore we get (α 1 , α 2 ), (β 1 , β 2 ), (γ 1 , γ 2 ) − (β 1 , β 2 ), (α 1 , α 2 ), (γ 1 , γ 2 )
This Leibniz algebroid is non-local, i.e. its bracket not given by a bilinear differential operator of any order.
